On the number of unique subgraphs of a graph by Brouwer, A.E. (Andries)
ma 
the 
ma 
tisch 
cen 
trum 
AFDEL I NG ZU I VERE WI SKUNDE 
A.E. BROUWER 
ZN 56/73 
ON.THE NUMBER OF UNIQUE SUBGRAPHS OF A GRAPH 
.,./ . 
amsterdam 
DECEMBER 
1973 
stichting 
mathematisch 
centrum 
AFDELING ZUIVERE WISKUNDE ZN 56/73 
A.E. BROUWER 
ON THE NUMBER OF UNIQUE SUBGRAPHS OF A GRAPH 
~ 
MC 
DECEMBER 
2e boerhaavestra_at 49 amsterdam 
PJUnte.d a.t .the Ma.themat.i.c.al Ce.MJLe., 49, 2e. BoeJLhaave.1,.tJr.a.a.t, Am6.:teJtdam. 
The. Ma:t.he.ma;Uc.a.l Ce.n.:tfl.e., 6ou.nde.d :the. 11-.:th 06 Fe.bnu.aJty 1946, ,l6 a. non-
p11..o 6U ,ln1,:U;tu.t,la n a,,lming a.:t :the. pll..omoUo n o-6 pU!te. ma..:thema.:ti.C6 a.n.d -l:t6 
a.pplic.a.:tlant,. I.t ,l6 .6pon1io,1z,e.d by :the. Ne.:theJr.i..a.ndb Gove,,1z,nme.n.:t .:th!c..ough :the. 
Ne.:theJ11.a.nd.6 0,1z,ga.nlza.tion fio,1z, :the. Adva.nc.eme.n.:t 06 PuJte. Relie.M.c.h (Z.W.O), 
by :the. Mu.n,lc-i.pa.llty 06 Am.o:teJtdam, by :the. Unive.MUy ofi Am.&:te,,1z,dam, by 
:the. Fne.e. Un.,lve.Mi.:ty a:t. Am.6.te,,1z,dam, a.nd by indM.tJUeli. 
AMS (MOS) subject classification scheme (1970): 05C30 
Abstract 
A question of Entr and the number of 
subgraphs of a graph is answered. 
Entringer and Erdos [ l ~ call a subgraph H of a graph G unique if H is 
not isomorphic to any other subgraph of G. If f(n) is the largest number 
of unique subgraphs a graph on n vertices can have, they prove 
2 3/2 ¼n - en f(n) > 2· for c > 3 1 2 and n sufficiently large 
It will be proved below that 
2 2 2 log f(n) = !n - n • log n + O(n). 
Since the number of nonisomorphic graphs on n vertices 1s 
+ o( 3 )n/2 )) 
(see e.g. [2], p.196), we have 
210g f(n) $ !n2 - n.• 2log n + O(n). 
On the other hand, given n we construct a graph G 
ln2-n 
') 2 
"' 
• 210g n+O(n) 
unique 
G 7 Let m = log n and N 
Let G =Au Bu C where 
n 
= 
subgraphs as follows: 
n - m - 2. Then N $ ?m "-
A = ~• the complete graph on N points, 
on n vertices 
n 
- m - I. 
with 
Bis a rigid tree with m vertices (such a tree exists for each m~7), 
C K2 , a single edge connecting points c0 and c 1 , connected as 
follows: 
2 
Gn contains all edges (c 1,b) for b EB and no other edges between 
C and Au B; furthermore, if we view A as a set of subsets of Beach 
containing at least two points (which is possible since N ~ 2m-m-J), 
then G contains the edge (a,b) where a EA and b EB if and only if 
n 
b Ea. 
Now define the subgraph H of G as follows: 
n n 
H = A' u Bu C where A' is the vertex graph on N vertices 
n 
(that is, A' is totally disconnected) and A', B, Care interconnected 
like A, B, C in G . That is, H contains the same n points as G but 
n n n 
h ( N) d 1 as 2 e ges ess. 
If His a subgraph of G such that H c H c G then His unique: 
n n n 
First, c0 is the only point of H with degree one, and therefore if we imbed 
Hin Gn the point c 0 of H must go to the point c 0 of Gn. Next it follows 
that c 1 must go to c 1 and therefore that B c H must map onto B c G. Since 
Bis rigid the imbedding restricted to B must be the identity on B. Finally, 
since each point of A is coded by a subset of B, A too cannot be imbedded 
in any other way. Therefore His unique. 
The number of subgraphs H between H 
½n2-n • 210g n+O(n) . 
(N) 
and G being 2 2 
n n 
= 2 , this proves our assertion. 
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